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The Hamilton cycles of a graph generate a subspace of the cycle space called the Hamilton 
space. The Hamilton space of any connected Cayley graph on an abelian group is determined 
in this paper. 
1. Introduction 
Kirchhoff [9] showed how to construct a basis for the cycle space of a graph from 
one of its spanning trees. Hubicka and Syslo [8], Kolasiriska [lo] and Deo, 
Prabhu and Krishnamoorthy [4] focus on cycle bases of minimum total length. 
More recently, some conditions which guarantee the existence of long cycles 
have been shown to force cycle bases of long cycles. Dirac [6] showed that there 
is a cycle through any k given vertices in a k-connected graph. Bondy and Lovasz 
[3] proved that the cycles through any given k vertices generate the cycle space if 
G is (k + 1)-connected. Dirac [5] also showed that every 2-connected graph 
contains a cycle of length at least 2d, where d is the minimum degree of the 
graph. Hartman [7] and Locke [ll] proved that the cycles of length at least d + 1 
generate the cycle space of a 2-connected graph and Locke [12] proved that the 
cycles of length at least 2d - 1 generate the cycle space of a 3-connected graph 
when the graph has sufficiently many vertices. 
In [l] it was asked what can be said about the subspace of the cycle space 
generated by the Hamilton cycles of a graph X. This subspace will be called the 
Hamilton space of X and will be denoted X(X) or simply %’ if no confusion will 
result. Similarly, the cycle space of X will be denoted e(X) or simply 555 
It is natural to consider the Hamilton spaces of connected Cayley graphs on 
abelian groups because these graphs are rich in Hamilton cycles. If the graph has 
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even order and is not bipartite, then of course any element of the cycle space with 
an odd number of edges cannot be in the Hamilton space. In other words, the 
most one can hope for in this case is that X has co-dimension one in 9’. In all 
other cases one can hope that X= 2. It will be seen that outside of one 
exceptional situation, these hopes are realized. 
2. Main results 
Since the proof of the main theorem is lengthy, it will be presented in the 
following section. The statement of the theorem together with several corollaries 
will be given in this section, following three further definitions. 
If one takes two vertex-disjoint copies of the same graph X and joins all pairs 
of corresponding vertices, the resulting graph is called the prism over X. 
If X’ is a subgraph of X, then it is called an even subgraph when the degree in 
X’ of every vertex is even. Of course, the elements of % are precisely the even 
subgraphs of X. 
If G is a group and S c G satisfies (i) e $ S and (ii) s E S implies s-l E S, then 
the Cuyley graph Cay(G; S) has the elements of G as its vertices and edges 
joining g and gs for all g E G and all s ES. (See [13, Chapter 41 for an 
introduction to Cayley graphs.) 
Theorem 2.1. Let X be a connected Cayley graph on a finite abelian group G. 
Then : 
(i) X = 9 when X is either bipartite or has odd order; 
(ii) X has co-dimension 2 in % when X is a prism over an odd length cycle; 
(iii) X has co-dimension 1 in 37 in all other situations. 
One natural question to ask after seeing the statement of Theorem 2.1 is how 
does one recognize an element of X? The following three corollaries answer this 
question. The proofs of the first two are immediate from parts (i) and (iii), 
respectively, of the theorem. 
Corollary 2.2. Let X be a connected Cayley graph on a finite abelian group. If X is 
bipartite or has odd order, then a subgraph X’ of X is in X if and only if X’ is an 
even subgraph. 
Corollary 2.3. Let X be a non-bipartite connected Cayley graph on an even order 
abelian group, and assume X is not a prism over an odd length cycle. A subgraph 
X’ of X is in X if and only if X’ is an even subgraph with an even number of 
edges. 
Corollary 2.4. Let X be the prism over an odd length cycle C, and let C’ be the 
other copy of C in X (so each vertex of C is joined to the corresponding vertex in 
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Cl). Then a subgraph X’ of X is in X if and only if: 
(i) X’ is an even subgraph (i.e. X’ E %); 
(ii) Each edge of C is in X’ iff the corresponding edge of C’ is in X’; and 
(iii) The number of edges of C that are in X’ is even. 
Proof. It is not difficult to see that every Hamilton cycle of X can be constructed 
by removing an edge UiUi+i from C and the corresponding edge uf~f+~ from C’ 
and, in their stead, inserting an edge joining ui to uj and an edge joining u~+~ to
I as in Fig. 1. It is easy to verify that each of these Hamilton cycles is a 
rm&aph of X satisfying (i), (“) 11 and (iii). Since the subgraphs satisfying these 
conditions form a subspace of co-dimension 2 in 9, it followli that this subspace is 
precisely %. 0 
3. Proof of the main theorem 
Theorem 2.1 is proved by induction on the degree of the graph. The complica- 
tions arise from establishing the initial cases for the induction argument and the 
fact that this forces several direct verifications which are carried out below. 
A bipartite graph X is Hamilton-laceable if, for every pair x, y of vertices of X, 
there is either a Hamilton path from x to y or a path of even length from x to y. 
Theorem 3.1 (Chen-Quimpo [2]). Let X’ be a connected Cayley graph on a finite 
abelian group. If deg(X’) 2 3, then X’ is Hamilton-connected if it is not bipartite 
whereas X’ is Hamilton-laceable if it is bipartite. 
The Hamilton space and cycle space of a subgraph X’ of X are often denoted 
X’ and 9’ respectively. The co-dimension of X in 9’ is denoted co-dim(%), 
Fig. 1. 
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whereas co-dim(Z) represents the co-dimension of X’ in 55’. (Note co-dim(Z) 
is usually not the co-dimension of X’ in 3.) 
Corollary 3.2. Let X = Cay(G; S) be a connected Cayley graph on a finite abelian 
group G. Let S’ = S\{s, s-l} for some s E S; assume (S’) = G and let X’ = 
Cay(G; S’). If IS’1 > 2, and if either X is bipartite or X’ is not bipartite, then 
co-dim( %!) =Z co-dim( X’). 
Proof. The Chen-Quimpo Theorem implies that for each s-edge from g to gs in 
X, there is a Hamilton path Pg in X’ from g to gs. Adding the s-edge g(gs) to Pg 
forms a Hamilton cycle in X containing only this one s-edge. Adding appropriate 
such Hamilton cycles to any given cycle in 9 will cancel all the s-edges, resulting 
in an element of 9’. Therefore X + ZZ’ = %. So the co-dimension of 5Y in 9’ is 
equal to the co-dimension of X f-l%:’ in 9’. Because Yf? c %‘rl 9, this implies 
co-dim( %‘) < co-dim( X’). Cl 
Theorem 3.3 (Chen-Quimpo [2]). Let C,,, denote the cycle with m vertices 
(m 3 3) and L, the path with n vertices (n 3 2). Then C, x L, is Hamilton- 
connected if it is not bipartite, whereas it is Hamilton-laceable if it is bipartite. 
Theorem 3.4 (Chen-Quimpo [2]). Let X’ be a graph containing (an isomorphic 
copy of) C,,, x L, as a spanning subgraph. Then C,,, x L,, in turn, contains 
L, x L, as a spanning subgraph. The vertices in L, x L, can be colored with two 
colors, say blue and red, so that no two adjacent vertices in L, x L, are of the 
same color. Then X’ is Hamilton-connected if and only if X’ contains an edge 
joining two blue vertices and an edge joining two red vertices. 
Definition. Let (S) = G. Then X = Cay(G; S) is a minimal Cayley graph if 
(S\{s, s-l}) < G for every s E S. 
Lemma 3.5. Let X = Cay(G; S) be a connected minimal Cayley graph on a finite 
abelian group G, and assume X is not a prism over a Cayley graph on a finite 
abefian group of odd order. Then for each s and t in S with s f t”, the I-cycle 
sts-‘t-l is in ZZ. 
Proof. The proof proceeds in two cases (see below). Begin by noting that these 
cases are exhaustive if one allows for interchange of s and t. If Is1 and It( are odd, 
then Case 1 applies. So assume It( is even. If ItI >2, then Case 1 applies if 
[G : (t)] is odd, while Case 2 applies if [G : (t)] is even (set A = {t, t-l}). Finally, 
if ItI = 2, set A =S\{t}. Now X is a prism over Cay((A);A) so, by hypothesis, 
I(A)] must be even. Furthermore [G: (A)] = 2 is even. Hence Case 2 applies 
(with s and t interchanged) unless I( = 2. In this case X = C, is itself a 4-cycle 
and the conclusion of the lemma is obvious. 
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Fig. 2. 
Case 1. [(S, t) : (t)] is odd and ItI > 2. Let C1 and C2 be the Hamilton cycles in 
Cay((s, t>; {f, s-l, t, t-l}) pictured in Fig. 3. (So Cl + C, is the desired 4-cycle.) 
Choose an edge LY that C, and C2 have in common, and, as shown in Fig. 3, 
(where (S’) = (s, t)) construct a Hamilton cycle C; in X which contains all of C1 
except the edge (Y. Let Cl be the Hamilton cycle in X which differs from C; only 
in the identity coset (s, t) of (s, t), where it contains C, (except that the edge a! 
is missing). The sum C; + C; is the desired 4-cycle. 
Case 2. There is some subset A of S which contains t and t-‘, but does not contain 
s, such that both [G : (A)] and 1 (A)1 are even, and 1 (A ) I> 2. The sum of the two 
a 
Fig. 3. 




Hamilton cycles shown in Fig. 4 is a 6-cycle of the form ~tit~s-‘t;~t;‘. Such 
6-cycles can be used successively along the horizontal arms of the first Hamilton 
cycle to produce the element of 9 shown in Fig. 5. If [G : (A)] = 2, this is the 
desired 4-cycle. If not, the two Hamilton cycles in Fig. 6 sum to the element of 9 
as shown, and adding a horizontal 6-cycle as in Fig. 7 yields a vertical 6-cycle. 
These vertical 6-cycles can be added to the element shown in Fig. 5 to produce 
the desired 4-cycle (as pictured in Fig. 8). q 
t 
Fig. 5. 
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Fig. 9. 
Lemma 3.6. Let X = Cay(G ; S) b e a connected minimal Cayley graph on a finite 
abelian group G, and assume X is not a prism over a Cayley graph on a finite 
abelian group of odd order. Let S’ = S\{s, s-‘} for some s ES, and X’ = 
Cay((S’);S’). Zf IGI is odd or I( . IS even, then every element of X(X’) is also 
in X(X). 
Proof. It suffices to prove that every spanning cycle of X’ is an element of X 
First let IG] be odd. Then [G: (S’)] is odd. Let C’ be a spanning cycle of X’. 
Construct a Hamilton cycle C in X as pictured in Fig. 9. Using appropriate 
4-cycles, guaranteed by Lemma 3.5 to exist, all the edges of C not in (S’) can be 
cancelled, leaving a single C’ in X as required. 
Now suppose ) (S’ ) I is even. There is nothing to prove unless I (S’ ) I > 2. In this 
case, let C’ be a spanning cycle of X’ and construct a Hamilton cycle C in X by 
using every other edge of C’ as shown in Fig. 10. Then use 4-cycles (provided by 
Lemma 3.5) up the vertical s-columns to obtain C’ in %. 0 
Fig. 10. 
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Lemma 3.7. Let X = Cay(G; S) b e a connected Cayley graph on a finite abelian 
group. Let S’ = S\{s, s-‘} for some s ES. Assume (S’) = G and all 4-cycles 
sts-‘t-l (for t E S’) are in ZK Let X’ = Cay(G; S’). Then co-dim(Z) < co- 
dim(Z) + 1. Furthermore, co-dim(X) <co-dim(Z) if there is a Hamilton cycle 
in X with an odd number of s-edges. 
Proof. Let 28 be the subspace of 2’ consisting of those even subgraphs of X with 
an even number of s-edges. One can add appropriate 4-cycles to any cycle C in 28 
to obtain a cycle C’ with no s-edges. This means C’ E Z’, so one concludes that 
ZZc X+5?‘. 
Because X’ c 2’ (since (S’) = G) and the co-dimension of d in 2’ is 1, this 
establishes that co-dim( 2’) s co-dim( 2%“) + 1. If 5%’ qk 28, then 2’ + 2Z = 2. 
Because 2Z c %!Y +ZF:‘, this implies X + 2’ = 2’ and co-dim(%) < co-dim(W) as 
desired. Cl 
Lemma 3.8. Let X = Cay(G; S) be a connected minimal Cayley graph on a finite 
abelian group. Let S’ = S\{s, s-‘} for some s E S and let X’ = Cay((S’); S’). 
Assume X’ c X and all 4-cycles sts-‘t-’ (for t E S’) are in %‘. Then co- 
dim(X) s co-dim( 2”) + 1. Furthermore, co-dim( 2Y) s co-dim( 2%“) if either 1s I= 2, 
or there is a Hamilton cycle in X with an odd number of s-edges from the coset 
(S’)s_’ to (S’). 
Proof. Let 2 be the subspace of 2 consisting of those even subgraphs of X in 
which there are an even number of s-edges from the coset (S’)s-’ to (S’). Let 
C E 2’. Then C has an even number of s-edges joining any two cosets of (S’), so 
adding appropriate 4-cycles to C results in a cycle C’ with no s-edges. Therefore 
C’ is a union of disjoint cycles in various cosets of (S’). Given any cycle C” in 
some coset (S’)x, for each edge g,gt of C” one can add the 4-cycle g,gt,gts,gs, 
g to C”. The result of adding all these 4-cycles to C” is a cycle CE lying in the coset 
(S’)xs, as in Fig. 11. By thus adding appropriate 4-cycles one can collect all of C’ 
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The co-dimension of Z? in 9’ is at most 1, so this establishes that co- 
dim(X) < co-dim( 2’) + 1. If 1s I= 2, then 8?? = %:, so co-dim( %‘) 6 co-dim( X’) in 
this case. If 98’4 ZE’, then X + Z = R Because ZZc X + Z’, this implies X + 
%’ = % and co-dim( %‘) < co-dim( X’) as desired. Cl 
The statement and proof of Lemma 3.8 may need clarification in the case 
where [G : (S’)] = 2 but IsI > 2. In this case, any cycle in X contains an even 
number of s-edges joining the two cosets of (S’), but, for g E (S’), the edge 
from g to gs is not considered to be an s-edge from (S’)s-’ to (S’). To the 
contrary, it is an s-edge from (S’) to (S’)s-’ or, equivalently, an s-l-edge from 
(S’)Kl to (S’). 
Proof of Theorem 2.1. The proof is by induction on ISI. Throughout the proof, 
X’ denotes Cay((S’); S’), where s is some element of S and S’ = S\{s, SK’}. The 
initial cases of the induction consist of graphs of low degree (treated in Case 1) 
and those where the induction step might lead to a situation where X’ is an odd 
prism (Case 2). In the induction step (presented in Cases 3 and 4) one assumes 
X’ is not an odd prism, so it suffices to show co-dim(X) == co-dim(W) + 1 if X’ is 
bipartite and X is not, and show co-dim(X) s co-dim(Z) in the other situations. 
Case 1. JS( < 2. If ISI = 1, then X = K2 and the result is trivially true. If ISI = 2, 
then X is itself a Hamilton cycle and X = 2:. 
Case 2. There is an elements of order 2 in S, and all other elements of S have odd 
order. Assume first that IS’1 = 2, i.e. X is a prism over an odd cycle. Any cycle in 
X has an even number of s-edges, so adding appropriate Hamilton cycles such as 
in Fig. 1 will cancel all the s-edges, resulting in an even subgraph with no s-edges. 
The space of such subgraphs is clearly 2-dimensional (with basis {C, C’}). It 
follows that co-dim(X) c 2 as desired. (The proof of Corollary 2.4 shows 
co-dim(X) > 2.) 
Now assume IS’1 > 2, and that some element of S’ generates a proper subgroup 
of (S’). Let C be the Hamilton cycle in X’ pictured in Fig. 12. Using C and the 
translate Cs, we see that X has a spanning subgraph Y isomorphic to a prism over 
the odd cycle C. Since Y is not bipartite, the Chen-Quimpo Theorem (3.1) 
implies that for each edge uv of X which is not in Y, there is a Hamilton 
path pu,, in Y from u to v. As in the proof of Corollary 3.2, one concludes that 
X+9(y)=% 
Because the co-dimension of X(Y) in 9(y) is 2 (and because Z(Y) c X n 
T(Y)) it suffices to show X fl Z(Y) f x(Y) to conclude that co-dim(X) = 1 as 
desired. Thus it is enough to show that for some t E S’, the 4-cycle sts-‘t-’ is in 
X Note that there is a chord (Y of length 3 in C such that some other chord /3 
crosses it. Based on this observation, one can form a pair of Hamilton cycles in X 
as in Fig. 13. Their sum is the desired 4-cycle. 
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Fig. 12. 
Finally, assume IS’1 > 2, and that each individual element of S’ generates the 
entire subgroup (S’). Choose an element t E S’; then (s, t) = G. Let Y = 
Cay(G; {s, t, t-l>), a p rism over an odd cycle. As in the preceding paragraph, it 
suffices to show the 4-cycle sts-‘t-l is in 5%‘. Let toe S’\{t, t-l}. Start with the 
Hamilton cycle in Y depicted in Fig. 1, and add to it (much as in Fig. 3) a 4-cycle 
t,to,t-‘,t;l to obtain a new Hamilton cycle CO in X. A 4-cycle sts-‘t-’ can be 
added to CO (at any of the t-edges that are under the two to-edges) to obtain yet 
another Hamilton cycle CA; the sum CO + CA is the desired 4-cycle sts-‘t-l. 
Case 3. X is not a minimal Cayley graph. Then there is some s E S with (S’) = G. 
Assume first that IS’1 > 2 and X’ is not a prism over an odd cycle. If X’ is not 
bipartite, or if X is bipartite, then Corollary 3.2 implies co-dim(Z) % co-dim(%), 
+ 
. 
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which completes the proof. Now suppose X’ is bipartite, but X is not. The 
Chen-Quimpo Theorem (3.4) implies there are two s-edges g(gs) and h(h) of X 
such that adding these two edges to X’ results in a Hamilton-connected graph Y. 
(To realize C,,, X L, as a spanning subgraph of X’, we need to assume that some 
element of S’ generates a proper subgroup of G; if this assumption is false, then, 
because X is not bipartite, the choice of s can be changed to obtain a situation 
where X’ is not bipartite-the previous case.) As in the proof of Corollary 3.2, we 
conclude that X + e(Y) = 9’. Furthermore, there is a Hamilton path from g to gs 
in Y. As this Hamilton path obviously does not contain the edge g(gs), one 
concludes that Z!‘(Y) = X + Z’(Y’), where Y’ is obtained from Y by removing the 
edge g(gs). Since 9(X’) is of co-dimension 1 in %(Y’), it follows that 
co-dim( Z’) < co-dim( X’) + 1 as desired. 
Now suppose X’ is a prism over an odd cycle. Then S = {t, u, a-‘, s, s-l}, 
where It( = 2, Ial is odd, and (a, t) = G. If IsI is odd, then Case 2 applies, so 
assume IsI is even. In this case (a, s) = G, and Cay(G; S\{t}) is not a prism over 
an odd cycle. So the previous paragraph applies, with t in the place of s. 
Finally, assume IS’1 = 2. Let S’ = {t, t-l}. The sum of the two Hamilton cycles 
shown in Fig. 14 is the 4-cycle s~‘t-‘. Hence this 4-cycle belongs to %?. 
Therefore Lemma 3.7 applies. If IGI is odd, then the Hamilton cycle pictured in 
Fig. 12 has an odd number of s-edges, so Lemma 3.7 implies co-dim(X) = co- 
dim(X’). If ICI is even, then X’ is bipartite (it is an even cycle). Lemma 3.7 
immediately asserts co-dim(X) < co-dim( X’) + 1, which is a sufficient conclusion 
unless X is also bipartite. In this case, let s = t’. Since X is bipartite, it follows 
that r is odd. The Hamilton cycle 
e,tr,tr+1,t,t2,trc2,tr+3,t3,. . . , tr-2,tr-1,t2r-1,t2r,t2r+‘, . . _, t”-‘,e 




Hamilton spaces of Cayley graphs on abelian groups 125 
Fig. 15. 
Case 4. X is a minimal Cuyley graph, and (S( 2 3. Let s ES. Note that if )GI is 
even, one may assume 1 (S’ ) I > 2 is even and X’ is not a prism over an odd length 
cycle. If there is no element of order 2 in S, this is easy to see. On the other 
hand, if there is an element of order 2 in S, choose this for s. In this case, if 
I (S’) I 6 2, then Case 1 applies, while if I (S’) I is odd, then Case 2 applies. Now 
suppose X’ is a prism over an odd length cycle. Since IsI = 2, it follows that 
X = Y x Cd, where Y is a minimal Cayley graph on an abelian group H of odd 
order. Thus X can be realized as a minimal Cayley graph Cay(H x Zq; T) where 
T contains no element of order 2 (indeed T has one element of order 4, and all 
other elements are of odd order). Replace S and G with T and H x L&‘,. 
Now Lemma 3.5 and Lemma 3.6 imply that Lemma 3.8 applies. Set 
m=J(S’)l>3 and n=[G:(S’)]s2. There is no loss in assuming IsI> (see 
Lemma 3.8). Deletion of all the s-edges from (S’)s-’ to (S’) leaves a spanning 
subgraph of X isomorphic to X’ x L,. Because X’ is hamiltonian, this subgraph 
in turn contains C, x L, as a spanning subgraph. If X is bipartite or X’ is not 
bipartite, the Chen-Quimpo Theorem (3.3 or 3.4) implies there is a Hamilton 
path P in X’ x L, from e to s-l. Adjoining the s-edge from s-l to e yields a 
Hamilton cycle in X with only one s-edge from (S’)s-’ to (S’). Therefore 
co-dim(X) < co-dim( X’). Cl 
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